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AUTOMORPHISMS OF p-LOCAL COMPACT GROUPS 


A. GONZALEZ, R. LEVI 


Abstract. Self equivalences of classifying spaces of p-local compact groups are well understood 
by means of the algebraic structure that gives rise to them, but explicit descriptions are lacking. 
In this paper we use Robinson’s construction of an amalgam G, realising a given fusion system, 
to produce a split epimorphism from the outer automorphism group of G to the group of 
homotopy classes of self homotopy equivalences of the classifying space of the corresponding 
p-local compact group. 


A p-local compact group is an algebraic object which is modelled on the p-local homotopy 
theory of classifying spaces of compact Lie groups and p-cornpact groups. These objects were 
constructed by Broto, Levi and Oliver in IB 1.0.1 1BL03] . and have been studied in an increas¬ 
ing number of papers since. Many aspects of the theory are still wide open, and among such 
aspects, a reasonable notion of maps between p-local compact groups remains quite elusive. 
Self equivalences of p-local compact groups are relatively well understood in terms of certain 
automorphisms of the underlying Sylow subgroup, but computing these groups of automor¬ 
phisms is generally out of reach. This paper offers a way of regarding such automorphisms as 
being induced, in the appropriate sense, by automorphisms of certain discrete groups associated 
to that, in the finite case, were introduced by G. Robinson in E- The construction will be 
generalised here to the compact analog. We will refer to such groups as Robinson groups 

Before stating our results, we briefly recall the terminology, with a more detailed discussion in 
the next section. A p-local compact group is a triple Q = ( S , T , £), where S' is a discrete p-toral 
group (to be defined later), and T and C are categories whose objects are certain subgroups of 
S. The classifying space of Q, which we denote by BQ is the p-completed nerve \C\p. For any 
space X, let Out (A) denote the group of homotopy classes of self homotopy equivalences of A". 
We are now ready to state our main result. 

Theorem A. Let Q = (S, T , C) be a p-local compact group. Then there exist a group G, with 
a map /i: BG —> BQ, and a a split epimorphism 

c o: Out(G) —> Out (BQ). 

Furthermore, the following statements hold: 

(i) If [ V L] G Out(BQ) and [$] G ca" 1 ([ v I']) are represented by 'h and $ respectively, then 
H o R<L ~$o p. 

(ii) Let Aut(G, I 5 ) < Aut(G) denote the subgroup of automorphisms which restrict to the 
identity on S, and let Out(G, I 5 ) denote its quotient by the subgroup of inner automor¬ 
phisms induced by conjugation by elements ofCa(S). Then Ker(ca) = Out(G, I 5 ) ifp ^ 2, 
and for p = 2 there is a short exact sequence, 

1 —> Ker(ca) —> Out(G, I 5 ) —> Ijm 1 Zj—> 1. 

o(T c ) 
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The group G in the theorem is a specific instance of the construction given in [LB] of a group 
that realises the fusion system J which in turn is a quotient group of Robinson’s construction 
on the same data. We shall discuss these constructions in more detail in Section 2. 

In some particular cases the statement Theorem [X] can be strengthened. 

Proposition B. Let Q = (S', T , C) be a p-local compact group, and let G be the model for T in 
Theorem\A 1 IfTfiG) = C, then the epimorphism co: Out(G) —» Out (BQ) is an isomorphism. 

The paper is organised as follows. In Section 1 we review the theory of p-local compact 
groups and some related notions, like a topological construction of fusion systems, originally 
introduced in |BLQ2j . Section 2 contains the construction of the Robinson amalgam realising a 
given (saturated) fusion system. In this section we also include a brief discussion about graphs 
of groups, with particular emphasis on trees of groups, and some topological consequences 
of these constructions. Section 3 contains the proofs of [A] Section 4 contains the proof of 
Proposition [Bj together with some specific examples. 

The authors would like to thank A. Cherniak and G. Robinson for useful conversations. 

1. Background on p-local compact groups 

In this section we recall the basic concepts of p-local compact group theory, as well as con¬ 
structions and facts to be used throughout the paper. For a detailed discussion of p-local 
compact groups the reader is referred to [ BLQ3J . 

Definition 1.1. Let Z/p°° denote the union of all Z/p n under the obvious inclusions. A discrete 
p-torus is a group T isomorphic to a finite direct product (Z/p°°) xr . The number r is called 
the rank of T. A discrete p-toral group is a group P, which contains a discrete p-torus T as a 
normal subgroup of p-power index. The subgroup T is referred to as the maximal torus of P, 
and the rank of P is defined to be the rank of its maximal torus. 

The groups we work with in this paper are generally infinite, but contain a unique conjugacy 
class of a maximal discrete p-toral subgroups. 

Definition 1.2. Let G be any discrete group. We say that a discrete p-toral group S' < G is 
a Sylow p-subgroup of G if any other discrete p-toral subgroup P < G is conjugate in G to a 
subgroup of S'. 

We now recall the definition of a fusion system over a discrete p-toral group. 

Definition 1.3. A fusion system T over a discrete p-toral group S' is a category whose objects 
are the subgroups of S and whose morphism sets Homjr(P, P') satisfy the following conditions: 

(i) Hom s (P,P') C Hornjr(P, P') C Inj(P,P') for all P, P' < S'. 

(ii) Every morphism in T factors as an isomorphism in T followed by an inclusion. 

Given a fusion system T over a discrete p-toral group S', we will often refer to So also as the 
maximal torus of T, and the rank of T will always mean the rank of S'. Two subgroups P, P' 
are called T-conjugate if Isojr(P, P') ^ 0. For a subgroup P < S, we denote 

P T = {P' < S\P' is P-conjugate to P}. 
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Define the order of a discrete p-toral group P to be the pair |P| (rk(P), |P/P 0 |), as in 

[BLQ3j . Thus, given two discrete p-toral groups P and Q we say that \P\ < \Q\ if either 
rk(P) < rk(Q), or rk(P) = rk(Q) and |P/P 0 | < \Q/Qo\. 

Definition 1.4. Let T be a fusion system over a discrete p-toral group S. A subgroup P < S 
is said to be 

• fully 7-centralised, if |Cs(P')| < |Cs(P)|, for all P' £ P T . 

• fully 7-normalised, if \N S {P')\ < \N S {P)\ for all P' £ P T . 

Definition 1.5. A fusion system 7 over S is said to be saturated if the following three conditions 
hold: 

(I) For each P < S which is fully P-normalised, P is fully P-centralised, Outj-(P) is finite 
and Outs(P) £ Syl p (Outjr(P)). 

(11) If P < S' and / £ Hoiu j f(P, S) is such that P' = f(P ) is fully P-centralised, then there 
exists / £ S ) such that / = f\p, where 

N f = {g £ N s (P)\f o Cg o /- 1 e Aut s (P0}. 

(Ill) If Pi < P 2 < P 3 < ... is an increasing sequence of subgroups of S, with P = U ™ =1 P n , 
and if / £ Hom(P, S) is any homomorphism such that f\p n £ Homj-(P n , S) for all n, then 
/ G Homjr(P, S). 

Notice that for a fusion system 7 over S and any subgroups P,Q < S, the group Inn(Q) is 
contained in Autjr(Q) and acts on Honijr(P, Q) by left composition. Let 

Repjr(P, Q) = f Inn(<5)\Homj-(P, Q) and Outj-(Q) == Inn(<5)\Autj-((3). 

By definition if 7 is a saturated fusion system over S, then for all P < S, Aut J r(P) is an 
artinian, locally finite group and has a Sylow p-subgroups of finite index. 

Definition 1.6. If G is a group and H < G, we say that H is centric in G , or G'-centric, if 
Cg(H) = Z(H). Let 7 be a fusion system over a discrete p-toral group. A subgroup P < S is 
said to be 7-centric if every P' £ P T is centric in S. A subgroup P < S' is called 7-radical if 
Outj-(P) contains no nontrivial normal p-subgroup. 


Clearly, P-centric subgroups are fully P-centralised, and conversely, if P is fully P-centralised 
and centric in S, then it is P-centric. Next we recall the definition of transporter system, as 
introduced in (BLOfij . The concept of centric linking system is a particular case, specified at 
the end of the following definition. For a group G and a collection % of subgroups of G, the 
transporter category of G with respect to % is the category 7 n(G) whose objects are the set 
%. and whose morphism sets are Mor -7 - h (g)(P,Q) = Nq(P,Q), the collection of all elements of 
G which conjugates P into Q. 


Definition 1.7. Let P be a fusion system over a finite p-group S. A transporter system 
associated to P is a category T such that Ob(T) C Ob(P), together with a couple of functors 


To H t)(S) 


T P, 


satisfying the following axioms: 
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(Al) 

(A2) 


(B) 

(C) 


(I) 

(II) 


(HI) 


Ob(T) is closed under P-conjugacy and overgroups. Also, e is the identity on objects 
and p is inclusion on objects. 

For each P G Ob(T), let 

E(P) = Ker(Aut r (P) ->• Aut^(P)). 

Then, for each P, P' G Ob(T), P(P) acts freely on Mor-^P, P') by right composition, 
and pp,p> is the orbit map for this action. Also, P(P') acts freely on MoTp(P 1 P 1 ) by 
left composition. 

For each P, P' G Ob(T), £p,p> : Ns(P, P') —> Morr(P, P') is injective, and the composite 
p P)P / o £ PP , sends g G Ng(P , P') to c g G Horiij(P, P'). 

For all (p G Mor 7 -(P, P') and all g G P, the following diagram commutes in T: 


P—^P’ 


sp,p{g) 


£ p',p' (p(<p)(g)) 


P -► P' 


e s ,s(S) 6 Sp/ p (Aut r (S)). 

Let <p G Isor(P, P'), and P < P < S', P' < P' < S' such that 

° £p,p(R) ° < £p',p’(R')- 

Then, there is some ^ G Mor- 7 -(P, P') such that ip o £^(1) = £p',j?'(l) o that is, the 
following diagram is commutative in T: 


£ p,rW 



ep'.H'(l) 


Assume Pi < P 2 < ... in Ob(T) and G Mor 7 -(P n , S) are such that, for all n > 1, 
Pn = Pn+i ° £p n ,p n+ i(l). Set P = Un=i p n- Then there is p G Mor r (P, S) such that 
Pn = P ° £ p n ,p{ 1) f° r a ll n A 1. 


Given a transporter system T, the classifying space of T is the space BT c = \T\p ■ 

A centric linking system is a transporter system £ whose object set is the collection of all 
P-centric subgroups, and such that E(P) = e(Z(P)) for all P G Ob(£). 

A p-local compact group is a triple Q = (S, P, £), where 5 is a discrete p-toral group, P is 
a saturated fusion system over S, and £ is a centric linking system associated to P. Given a 
p-local compact group Q , the subgroup So < S' will be called the maximal torus of £/, and the 
ranfc of Q is defined to be rk(S'). 


We will, in general, denote a p-local compact group just by Q, and unless otherwise specified, 
will refer to S, P and £ as its Sylow subgroup, fusion system and linking system respectively. 
The following result about existence and uniqueness of centric linking systems is due to Levi 
and Libman, see [LL1 Theorem B]. 

Corollary 1.8. Let P be a saturated fusion system over a discrete p-toral group S. Then, up 
to isomorphism there exists a unique centric linking system associated to P. 
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Next we revise the very useful “bullet construction”. For a full account the reader is referred 
to [BLQ31 Sec. 3], 

Proposition 1.9. Let Q be a p-local compact group. Then, there are functors (_)}r : T —>■ J- 

and (_ ) 9 C :£—>■£, satisfying the following properties: 

(a) (_)>°P = P°(_)‘. 

(b) For each P < S, P < P 9 d = (P)>, and if P e £, then P 9 = ( P) 9 C . 

(c) Let T 9 be the full subcategory of T, with object set { P 9 \ P 6 Ob(P)}. Then T 9 contains 
finitely many S-conjugacy classes of subgroups, and contains all the P-centric, P-radical 
subgroups of S. 

(d) If P is P-centric then Z(P 9 ) = Z(P). 

Furthermore, if we set £* C £ for the full subcategory with objects in Ob(J r# ) n Ob(£) ? then 
the inclusion is right adjoint to (_)* : £ —>■ C 9 , and hence |£*| ~ |£|. 

1.1. Automorphisms of p-local compact groups. The space of self equivalences of BQ, for 
a p-local compact group Q , can be described completely in terms of certain self equivalences of 
the associated centric linking system, as shown in |BLQ31 Section 7]. We summarise here the 
necessary definitions and results. 

Definition 1.10. Let Q be a p-local compact group. Let Li be a collection of objects in £, and 
let Cp denote the full subcategory with objects in TL. Let £ : 7n(S ) —> £p be the restriction 
of the structure functor, as in Definition 11.71 to £%. A functor T : £ n —* is said to be an 

isotypical equivalence of Cu if T is an equivalence of categories which restricts to an equivalence 
on T n (S). 

Let Aut typ (£-^) denote the groupoid whose objects are all isotypical self equivalences of £%, 
and whose morphisms are natural isomorphisms between them. Let Out typ (£-^) denote the 
group of components of Aut typ (£■«), namely the group obtained by identifying two isotypical 
equivalences if they are naturally isomorphic. 

We will sometimes refer to isotypical self equivalence of £ simply as automorphisms of Q. 
Definition 1.11. Let Q = be a p-local compact group. For each P,Q e £ such that 

P <Q, set ip.q = 5 p , q ( 1 ) £ Mor £ (P, Q), and let I = I c = {tp,Q \ P,Q e £ , P < Q}. Finally, 
let Aut( yp (£) C Aut typ (£) be the submonoid of isotypical equivalences which leave / invariant. 

Lemma 1.12. Let Q = (S,P,£) be a p-local compact group. Then, 

(a) Every element in Aut[ yp (£) is invertible. Hence, Aut yyp (£) is a group. 

(b) Every T e Aut typ (£) is naturally isomorphic to some T' e Aut 1y , p (£). 

(c) The group Out typ (£) is isomorphic to the quotient o/Aut( yp (£) by the obvious conjugation 
action of Autc(S). 

Proof. This is proved in [AOV1 Lemma 1 . 14 ]. □ 

Proposition 1.13. Let Q = (S', T, £) be a p-local compact group. Let also T be an isotypical 
equivalence of the full subcategory £* C £ that respects inclusions (i.e., T ( lp : q ) = for 

all P,Qe Ob(£ 9 )). Then there exists a unique T e Aut( yp (£) extending T. 
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Proof. This is proved in [ JLL . Proposition 1.14]. 


□ 


An important consequence of p-local group theory is that for any p-local compact group Q, the 
topological monoid Aut (BQ) of self homotopy equivalences of BQ is determined by isotypical 
equivalences of C. 


Theorem 1.14 ( |BLQ31 Theorem 7.1]). Let Q = (S', P, C) be a p-local compact group. For 
each i > 1, let tt^BZ^) : O c (P) op —* Ab be the functor that sends P to tt ,(PZ(P) p ). Then 


Out {BQ) = 7T 0 (Aut(BG)) = Out typ (£). 


Furthermore, 

iri(Aut(BG)) = lim 7 Ti(BZp) 
v o c ( r) p 

for i = 1 , 2 , and 'K i {A\it{BG)) = 0 for i > 3. 


1.2. Constructing fusion systems. We next recall two constructions through which one can 
obtain a fusion system over a given discrete p-toral group. 

For any group G and P,Q < G, let N G (P,Q) = {g G G \ gPg 1 < Q}. The sets N G (P,Q) 
are called transporter sets. Let S' be a discrete p-toral group, and let G be a group containing 
S. The transporter category Ts(G ) of G over S' is a category whose objects are the subgroups 
P < S', and whose morphism sets are the transporter sets 

(1) Mor Ts(G) (P, Q) d = N g (P, Q) 

for all P,Q < S'. Composition in Ts(G) is given by multiplication. 

The same setup gives rise to a fusion system over S'. Given a group G and a discrete p-toral 
subgroup S < G, let J~s(G) denote the category whose objects are the subgroups of S', and 
where morphism sets are defined for all P, Q < S' by 

(2) Hom^ (0| (P,Q) N a (P,Q)/C a (P). 

Clearly Ps{G) is a quotient category of Ts(G). The category Ps{G) is always a fusion system, 
but it is not always saturated. 

If G is a finite group and S' G Syl p (G), the category T = Fs{G) is always a saturated 
fusion system over S'. The A r -centric subgroups are those subgroups P < S', such that 
Z(P) G Syl p (C , G(T’)). The associated centric linking system C = C%(G) is the category whose 
objects are the ^-centric subgroups P < S', and whose morphisms are given by Mor,c(P, Q) = 
N g (P,Q)/C' g (P), where C G (P ) is the normal complement of Z(P ) in C G (P ) (see [BLQ2I ). 


The second construction we review here is of topological nature (originally introduced in 
IBLO l; 1 . Let X be any space, let S' be a discrete p-toral group, and let 7 : BS —» X be a map. 
Define P’s ( 7 ) t° be the fusion system over S, with morphism sets 

(3) Horrijr s(7) (P, Q) = {/ G Inj(P, Q) \ 7{BP ~ 7 |RQ ° B}} 

for all P,Q < S. If Q = (S, P, C) is a p-local finite group, and 7 : BS —> BQ is the obvious 
inclusion of Sylow subgroup, then Ps( 7 ) = P, |BLQ2] Proposition 7.3(a)]. 

Let £ 5 ( 7 ) denote the category whose objects are again the subgroups of S, and for all 
P,Q < S, let Mor£ s ( 7 )(P, Q) be the set of all pairs (/, [Ft]), such that / G Homj- s ( 7 )(P, Q) and 
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[H] is the path homotopy class of a homotopy H from 7 \ BP to ^\bq 0 Bf in Map (BP, X). There 
is an obvious way to define composition, given explicitly in [BLOll Definition 2.5]. 

For a fixed map 7 : BS X, the two constructions are related by an obvious projection 
functor, p\ £ 5 ( 7 ) —> Ps( 7 ), which is the identity on objects, and sends a morphism (/, [H]) to 
/. These constructions are functorial: given a map 00 : X —> Y, there are induced functors 

(4) Ujr: T 5 ( 7 ) -A- Ts(uj o 7 ), and u c : £ 5 ( 7 ) £s(^ ° 7 ), 

and uijr o p = p o ojjc- 

Definition 1.15. Let Q = (S, P, £) be a p-local compact group. Then, the reduced linking 
system of Q is the quotient category £ defined by Ob(£) = Ob(£) and by 

Mor £ (P,Q) = Mot c {P,Q)/(Z{P)o) 

for each pair P,Q G Ob(£). 

Notice that if Q is a p-local finite group, then £ = £, since the maximal torus of S is trivial. 
By definition, a centric linking system determines a reduced linking system, but the converse 
is also true. 

Proposition 1.16 (Proposition 6.4 [ BLOj h Let T be a fusion system over the discrete p-torul 
group S. Then any reduced linking system C associated to T lifts to a centric linking system C 
associated to T which is unique up to isomorphism. 

For 7 : BS —> X, let £ 5 ( 7 ) denote the full subcategory of £ 5 ( 7 ) whose objects are the 
J r s( 7 )-centric subgroups of S. 

Proposition 1.17. Let Q be a p-local compact group, and let 7 : BS —> BQ be the natural 
inclusion. Then, Ps( 7 ) — P and £ 5 ( 7 ) = £. 

Proof. First we show that T s ( 7 ) = P■ By [BL03 , Theorem 6.3 (a)], 

[BQ, BQ\ = Rep(Q, £) = Hom(Q, S)/ 

where ~ is the equivalence relation p ~ p' if there is some a G Horn jr(p(Q), p'(Q)) such that 
p' = a o p. and hence 

Morp- s(7) (P,Q) = {/elnj(P,g) I 7 |BP — 7 |BQ 0 Bf} — 

= {/ e Inj(p, Q) I 3 UJ G Homjr(P, Q), u> o i P = i Q o /} = Horn^P, Q), 

where ip and lq are the respective inclusions into S, and the last equality holds because lq is 
a monomorphism. Hence Ps( 7 ) = P■ In particular, a subgroup P < S' is J r s , ( 7 )-centric if and 
only if it is P-centric, and Ob(£ 5 ( 7 )) = Ob(£). 

Let ££:£—)• £ 5 ( 7 ) be the functor which is identity on objects and which sends a morphism 
p : P —y Q to the pair ( 71 ( 99 ), [||]), where rj^ is the natural transformation from the inclusion 
BP —> £ to the composite B{P ) -A B{Q) —> £. Here for any group G , B{G) is the one object 
category with G as an automorphism group of this object. For each pair P,Q G Ob(£) there 
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is a commutative diagram 

Mor £ (P, Q) —^ Moi c% ( 7 ) (B, Q) 



Homjr(P, Q) —Horrijr s(7) (P, Q), 

where n on the right column sends (/, [H]) to /. Since P is P-centric, 

7 r 1 (Map(PP, BQ)^ bp ) - Z(P)/Z (P) 0 
by [BLQ31 Theorem 6.3 (b)], and hence 

vr: Mor£c (7 )(P, Q) -A Horrij- s(7) (P, Q) 

is the orbit map of a free action of Z{P)/Z{P) o on the source. Since Ec is B(P)-equivariant, it 
follows that Mor£c( 7 )(P, Q) = Mor c(P, Q)/Z(P ) 0 = Mor^(P, Q ). □ 


When G is a discrete group and S < G is a discrete p-toral subgroup, then the algebraic and 
topological constructions are strongly related, as the following proposition states. 

Proposition 1.18 ( [LSI Prop. 2.1]). Let G be a discrete group, and let S < G be a discrete 
p-toral subgroup. Let i: S —* G denote the inclusion, and let 7 c = Bl. Then P’s(7) = Ps(G) 
and Csipi) — Ts(G). 


1.3. Constrained p-local compact groups. We now consider constrained p-local compact 
groups. This generalises the same concept for p- local finite groups as defined in [BCGLOlj . 

Given a saturated fusion system P over a discrete p-toral group S, and a fully P-normalised 
subgroup P < S, the normaliser fusion systems Ap(P) is defined as the fusion subsystem over 
Ns(P ) generated by morphisms in P that restrict to automorphisms of P. ft is shown to be 
saturated in |BLQ6 , Definition 2.1, Theorem 2.3]. 

Definition 1.19. Let P be a saturated fusion system over a discrete p-toral group S, and let 
P < S be a subgroup. We say that P is normal in P if Ap(P) = P. 

Definition 1.20. Let P be a saturated fusion system over a discrete p-toral group S. Then 
P is said to be constrained if it contains an object P which is P-centric and normal in P. A 
model for the fusion system P is a group G that is locally finite, artinian, p'-reduced, and such 
that P = Ps(G) for some choice of Sylow p-subgroup S < G. 

The following proposition is a generalisation of [BCGLOll Proposition 4.3] to fusion systems 
over discrete p-toral groups. The proof was given by the first author in jConOt §2], and also 
appears in m Proposition 1.18]. 

Proposition 1.21. Let Q = (S', P, £) be a p-local compact group, and suppose that P is con¬ 
strained. Then, P has a unique (up to isomorphism) model G that is p'-reduced group (that is, 
G has no proper normal subgroup of order prime to p). Furthermore, the following holds. 

(i) C = Cs(G) (for any choice of a Sylow p-subgroup S < G). 

(ii) G = Aut,c((5) f or eac h Q < S which is P -centric and normal in P. 
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1.4. Unstable Adams operations. We end this section with a brief discussion of unstable 
Adams operations on p-local compact groups. Let ( be a p-adic unit, and let Q = (S, T, £) be 
a p-local compact group. An unstable Adams operation of degree ( on Q is a pair (ft, T), where 
if is a fusion preserving automorphism on S, that restricts to the ( power map on the maximal 
torus So, and induces the identity on the quotient S/So. Such an automorphism induces a self 
equivalence of T , which may also be denoted by if, and the T is an isotypical self equivalence 
of £ that covers if in the sense that ifp = pif. For a fixed p-local compact group Q and a p-adic 
unit of the form £ = 1 + a\rp k + • • •, where k is sufficiently large, it was shown in |JLL] that 
there exists an unstable Adams operation of degree ( on Q. 


2. The Robinson Amalgam for Fusion systems over discrete p-toral groups 

In this section we present a slight generalisation of the Robinson amalgam 0, realising 
a given saturated fusion system. Although our main theorem also holds with respect to the 
original Robinson amalgam, a certain modification given in El behaves better with respect to 
a variety of example. Most of the discussion here is based on part of the first author’s thesis 
(GonOl Section 2] and on |Gon3| . 

For our aims it is useful to present these amalgams as colimits of trees of groups (in the sense 
of Serre 0)- A (finite) tree T with vertices and edges T° and T 1 respectively, may be regarded 
as a category whose object set is the disjoint union T° U T 1 , and where for each edge object 
e G T 1 one has a unique morphism from e to each of its two vertex objects. We shall denote the 
category associated to a tree T by the same symbol. A tree of groups is a pair (T, G), where T 
is a tree, G: T —* Qr is a functor, and Qr denotes the category of groups. The corresponding 
amalgam is given by Gt = colim T G. The following lemma is elementary. 

Lemma 2.1. Let (T, G) be a tree of groups, and let B : Qr —>■ Cat be a functor which associates 
with a group n the one object category with n as its group of automorphisms (Thus the geomet¬ 
ric realisation \B{— )| is the classifying space functor). Then there is a homotopy equivalence 

hocolimT |RG| ~ RGt- 

Proof. This is a particular case of [F], Corollary 5.4], □ 

Definition 2.2. Let T be a saturated fusion system over a discrete p-toral group S. A fusion 
controlling family for T is a finite set 

V = {P 0 = S,P 1 ,...,P k } 

of fully ^-normalised subgroups, which contains at least one representative for each .F-conjugacy 
class of J r -centric T'-radical subgroups. We say that a fusion controlling family V is complete 
if it consist of exactly one representative for each Nj?(S )~conjugacy class of J r -centric ^-radical 
subgroups. 

Notice that fusion controlling families exist by Proposition 11.91( c). Also, since Njr(S) is a 
fusion subsystem of T, every J r -centric T'-radical subgroup of S is also iVjr(S)-centric and 
AR-(S)-radical. Since there are only finitely many Nj ( S )-conjugacv classes of subgroups of S 
which are iVj-(S')-radical, complete fusion controlling families for T are finite sets. 
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Definition 2.3. Let Q = (S, T, C) be a p-local compact group. A Robinson setup for Q consists 
of a fusion controlling family V = {P 0 = S, P±,..., Pk} and for each P G V a pair of groups 
(L P ,N P ) such that: 

(i) N s = 1, 

(ii) Lp = Aut,c(P), for all P G P, and 

(hi) for S ± P G V, N P < L P , N P < L s , and N S (P) < N P . 

For each S ^ P G V we let 

L s — N P L P 

denote the inclusions. 

Next we associate an amalgam with a given Robinson setup. 

Definition 2.4. Let Q = (S, T, C) be a p-local compact group, and let (P; {(Lp, N P )} Pe p) be 
an associated Robinson setup. The Robinson tree of groups corresponding to the given setup 
is defined as the pair (T, G) where 

• T is the tree with one vertex vp for each object P G P, and one edge ep linking the 
vertex vs with vp for each S ^ P G P, considered as a category, with Ob(T) = T° UT 1 , 
and for each P G P, two morphisms ep — p s and ep vp. 

• G : T —* Qr is the functor defined on objects by 

G(vp) = Lp, and G(ep) = Np, 
for each P G P, and on morphisms by 

G(tp) = kp\ Np —> Ls, and G(l'p) = jp : Np —> Lp. 

The Robinson amalgam associated to the given setup is the group 

G G t = cohm(G) 

The group G in Definition 12.41 is clearly isomorphic to the iterated amalgam, 

(5) G' = f (• • • ( [L s *jv 1 Li) * N2 L 2 ) *tv 3 • • • L fc _i) *N k L k , 

where Li and N t run over pairs (Lp, Np) for all S ^ P G P. 

The following statement is a slight generalisation of |R, Theorem 1]. The proof, which we 
leave for the reader, is a minor modifications of Robinson’s original proof, and finiteness of the 
groups involved is not required. 

Proposition 2.5. Let H and K be (discrete) groups with Sylow p-subgroups S G Syl p (H ) 
and P G Sylp(K). Let N < K be a subgroup such that P < N, and let a: N —>■ H be a 
monomorphism such that a(P) < S. Set G = H K, where we identify N with its image 
through a and as a subgroup of K. Then S G Syl p (G), and pg(G) is generated by the subsystems 
F s (H) andFp(K). 

Proposition 12.51 will now be used to prove a slightly restricted generalisation of Robinson’s 
theorem. 
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Proposition 2.6. Let Q = (5, P,C) be a p-local compact group, and let (P; {(Lp, Np)}p e p) 
be an associated Robinson setup. Let G denote the corresponding Robinson amalgam. Then 
S G Syl p (G), and P S (G) = 7. 

Proof. Fix an isomorphism of G with an iterated amalgam G' as in (l5]h and use Proposition 12.51 
for an inductive argument. Fix an ordering {S = Po, Pi ,..., Pk} on V. and denote Lp t = L* 
and Np i = Ni. For each 0 < i < k, Li is a model for the fusion system Np(PQ, and in particular 
Ns(Pf) G Syl (Lj) and J r /v s (p i )(Lj) = Njr(Pf). Inductively define groups G\ by setting G' 0 = L 0 , 
G' i+1 — G\ Li, for i — 0,..., k — 1, and G' = G' k . Then, by repeatedly applying Proposition 
12.51 it follows that S G Syl p (G / ), and T = Ts(G'), as claimed. □ 

The original Robinson amalgam for a given p-local compact groups and a choice of a fusion 
controlling family V is based on the choice of the groups Np to be Ns(P). In particular Ns(P ) 
is a Sylow p-subgroup in Lp for all P G V, since P is assumed fully normalised. The version of 
the amalgam introduced by Libman and Seeliger in [LSj replaces Ns(P) by 

Aut c(S,P) = f {<p G Autp(S') j ip\ P G Aut/;(P)}. 

In [LS] Autx (S, P ) is denoted Aut,c(P < S). We refer to this type of setup as a Libman-Seeliger 
setup. 

We now relate the classifying space of a Robinson amalgam to the p-local compact group 
from which it originates. 

Proposition 2.7. Let Q = (S,T,C) be a p-local compact group, let (V, {(L P , N P )} P& p) be 
an associated Robinson setup, and let G denote the resulting Robinson amalgam. Let (T, G) 
denote the associated Robinson graph of groups, and let EG : T —> Cat denote the functor 
which associates to each object igT the category B(G(x)), and to each morphism the induced 
functor. Then the following holds. 

(i) There is a canonical map 

u: hocolim |£>G —* BQ , 

T 

such that the triangle 

( 6 ) BS 

hocolim T |£>G|---*- BQ 

commutes strictly, where 7 and 5 denote the canonical inclusions. 

(ii) Let C denote the reduced linking system associated to C ( Defimtior ll.L5\) . Then p induces 
a functor f> : 7 ~s(G) —> C which is the identity on objects, an epimorphism on morphism 
sets, and makes the following diagram commute: 



7?(G) — - r- 
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where Tfc(S) C 7s (S') is the full subcategory whose objects are the T-centric subgroups of 

S. 

Proof. Consider the Grothendieck construction Gr(T, i3G) for the functor BG on T [ Thj . The 
nerve of Gr(T ,BG) is isomorphic (as a simplicial set) to the homotopy colimit of \BG\ over T. 
We will construct a functor <f>: Gr(T,£>G) —> £. 

Since for every object x G T, the object set of the category BG(x) is a singleton, the objects 
of Gr(T.13G) are in 1-1 correspondence with those of T, and so we use the same notation 
vs, oq and vq to denote them. Automorphism groups in Gr(T, BG) are given by Aut(us) = Ls, 
and for each Q G V, Aut(vg) = Lq and Aut(eg) = Nq, while Mor(eQ,us) = { lq} x Ls, and 
Mor(e Q ,v Q ) = {u P } x Lq. 

The tree T, considered as a category, is a union of subcategories Tg, one for each S ^ Q eV, 
which take the form 

IQ vq 

Vs < — e<2 —> Vq. 

The corresponding description can be given to Gr(T, BG), namely it is a union of full subcat¬ 
egories, one for each S ^ Q G V, on the objects vs, vq and eg, and the appropriate morphism 
sets. Denote the subcategory corresponding to Q by Grg. It thus suffices to prove that for 
each S ^ Q G V, there is a functor <I>q : Grg —» £, such that for any Q' , Q" G V , $q/, and 
coincide on the full subcategory of their domain on the object Vs- 

Define &q : Grg —> C to be the functor which takes Vq and eg to the object Q G C, and takes 
vs to S G C. The automorphism groups Aut(ug), Aut(eg) and Aut(r> 5 ) are mapped by <3>g 
to Aut£(Q), Nq < Aut/:(Q), and Aut£(S') respectively. Any morphism (uq,<p) G Mor(eg,ug) 
is taken by $g to Lp G Lq = Aut,c(Q). Similarly, for a morphism ( lq, fj) G Mor(eg,us), 
0 = ^ ° tQ,s- 

It is easy to verify that 'hQ thus defined is a functor that commutes with the obvious inclusions 
B(S) —» Gr Q and B(S) —> £. Define <h: Gr(T,£>G) —> £ by joining the functors $g in the 
obvious way, and let p denote the map induced on nerves upon completion of the target. 
Commutativity of the triangle in Diagram (JH]) follows by construction. By Proposition 11.171 
C c s (5) = £, and by Lemma 12.11 and 11.181 £ 5 ( 7 ) = Tf(G). The last statement follows from 
naturality of the construction £jj(—). □ 

The proof of Proposition 12.71 offers another useful observation. 

Corollary 2.8. In the setup of Proposition \ 2. r \ the map p factors through the transporter 
system T^iG), whereP is a family of subgroups of S, closed under T-conjugacy, which contains 

V. 

Proof. The construction of a functor <h: Gr(T,/3G) —> Ts i (G) follows exactly the same argu¬ 
ment as in Proposition 12.71 and we let p denote the map induced on nerves. Commutativity of 
the relevant triangle follows at once. □ 

Notice that, when Q = [S, T, £) is a p-local finite group, the reduced linking system £ equals 
the linking system £, and Proposition 12.71 implies the existence of a functor $: Tg{G) —y C. 
This is not the case in general for p-local compact groups, and we have to produce the functor 
$ by other means. 
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The construction of $ in the general case uses the finite approximations of p-local finite 
groups from [Gon3j . In order to facilitate the reading, we recall here some of the definitions 
and results from |Gon3] that will be used here. 

Let Q = (S, P, £) be a p-local compact groups, and let £ be the category with object set of 
Ob(£) = {P < S | P* E Ob(£)}. The morphism sets in £ are 

(7) Mor^P, Q) = {<p E Mor £ (P’, Q 9 ) \ p(<p)\ P E Horn P (P, Q)}. 

By |Gon3l Proposition 1.11], £ is a transporter system which contains £ as a full subcategory, 
and |£| ~ |£|. Furthermore, the functor (—)*: £ —> £* extends to a functor (—)*: £ —> £*. 

Let (•£>, ) be a fixed unstable Adams operation on Q of degree ( for some p-adic unit 

C = 1 + a n p n + a n+1 p n+1 H-, n > 1 . 

For a sufficiently large n such operations exist by [JLL] , For each i > 0 let 

(0u ^i) = f (0 P \ ^ pi )- 

Thus, for each i, (0 i? 4/0 is an unstable Adams operation on Q of degree ( p \ By |Gon31 
Proposition 1.14], 4/, and hence 40 for all i, extend uniquely to equivalences of £, which we 
denote T,; by abuse of notation. 

For each i > 0, let Si < S to be the subgroup of fixed points in S under the automorphism 
0j, and note that S = U,;>o Let £ C £ be the subcategory with object set 

Ob(£i) = {H<Si\He Ob(£)}, 

and with morphism sets 

( 8 ) Mor £i (P, K ) = {ipe Mor Z {H, K) \ ^(<p) = p}. 

Finally, let T % be the fusion system on Si given by the image in T of the structure functor 
p: £ —> J- restricted to £,. Notice that there are inclusions 

£,: C £ i+1 C £ and T % C P )+l C T. 

We recall some of the main properties of the triples (Si, Pi, ££ from [ Gon3j in the following. 

Proposition 2.9. Let Q = (S, P, £) be a p-local compact group. Then there exists some N e N, 
such that for any p-adic unit ( that satisfies p N \( — l, there exists an unstable Adams operation 
(0, T) of degree of degree (. Furthermore, if we let (0,, 4/0 be the p l -th powers of (0, T), and 
(Si, Ti, £0 be the corresponding fixed point triples, then the following statements hold. 

(i) For all i > 0, the category p is a saturated fusion system over Si and £j is a quasicentric 
linking system associated to p 

(ii) For each P,Q G Ob(£) and each p E Mor ^(P, Q), there exists some Me N such that, for 
all i > M, P fl Si, QilSi E Ob(£0 and p\ PnSi E Mor Ci (P nSi,Qn Si), 

(in) There is a homotopy equivalence BQ ~ (hocolim £,;|)0, 


Proof. The first statement of the proposition follows from the main theorem of |JLL| . Parts (G]) 
and © follow from |Gon31 Theorem 2.13] and its proof, by taking the p-adic valuation of ( — 1 
to be sufficiently large. Part fjmj) is [Gon31 Lemma 2.3]. □ 
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Lemma 2.10. For each i > 0, let 

Hi = {H <S i \H-nS i = H}, 

and let C £, ; be the full subcategory with object set Hi. Let C 9 C £* be the image of £% ; 
through the functor (—)* : £—)•£*. The following properties hold. 

(i) The functor (—)* induces an isomorphism £^ = £*, whose inverse on objects is given 
by taking intersection with Si, and on morphisms by restricting to the corresponding sub¬ 
groups. 

(ii) The inclusion C H . C £j induces an equivalence |£^J ~ £*|. 

(iii) For all i > 0 there are inclusions £* C £* +1; and £* = Uj> 0 £*. 

Proof. The restriction of the functor (—)* to £-^ i is clearly injective on objects, and hence 
induces a bijection between the object sets of £^ i and £*. Since the morphisms in £ 7 ^ are 
the same as the morphisms between the corresponding objects in £*, the functor (—)* is also a 
bijection on morphism sets. The description of the inverse follows easily. This proves Part (i). 

By |Gon3l Proposition 2.11], the collection PL contains all the Pi-centric P,-radical subgroups 
of Si, and Part (ii) follows by [BCGLOll Theorem B]. 

It remains to prove Part (iii). For any object FI G Hi, one has 

H = H 9 n Si < H 9 n S l+l < H m , 

where the equality follows by dehnition of Hi. By B1.03. Lemma 3.2(b)], (H 9 D Si+i)* = H 9 . 
In particular, it follows that H* fl ,5) + i G Ob(£^ i+1 ), and so Ob(£*) C Ob(£* +1 ). 

Let (p G Mor c n .(H, K). Then ip is the restriction of (p * G Mor£?(//’*, A'*) to H in the sense 
that 

(9) e(l) o p = (p* o e(l). 

By dehnition of £,;, Tj((^) = ip, and \Pj(e(l)) = e(l) since is isotypical. Also for any subgroup 
P < S such that Tj(P) = P , one has d£(P*) = P*, since P* = P ■ /, where I < T (see |BLQ3( 
Dehnition 3.1]). Hence, applying T,; to Equation (J9]) , we get 

<P * ° e(l) = e(l) ° £ = < bi(£*) ° £ ( 1 )- 

Since £ is a transporter system, morphisms in £ are epimorphisms in the categorical sense by 
[ BL061 Proposition A .2 (d)], and this implies that \Eq(<^ # ) = ip*. Next, if g G H * fl S)+i, then 

ip 9 ogo ((p 9 )- 1 = p(<p 9 )(g), 

by Axion (C), and p(p 9 ){g) G K 9 C\Si + i, since all three morphisms above are hxed by T i+ i. Thus 
ip 9 restricts to a morphism <p' G Mor^. t (H 9 r\S i+ i, K 9 P\Si + i). It follows that ip* G Mor(£* +1 ). 
This shows that Mor(£*) C Mor(£* +1 j and hence that £* C £* +1 . 

Finally, we have to show that £* = |Gon31 Proposition 2.8 (i)], for any P G 

Ob(£*) there is some Mg N such that (P fl Sf) 9 = P for all i> M. Hence P fl Si G Ob(£ Wi ) 
for all i > M, and thus P G Ob(£*) for all i > M. By |Gon31 Proposition 2.8 (i) and (ii)], for 
any p G Mor c m {P,Q) there is some M G N such that P,Q G Ob(£*), and T.j(</?) = p for all 
i > M. In particular, p restricts to a morphism p t G Mor£ H (P fl Si, Q fl Si), with p 9 = p, and 
thus p G Mor(£*) for all i > M. □ 
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Proposition 2.11. Let Q = (S, P, £) be a p-local compact group , let (V; {(Lp, iVp)}p e -p) be a 
Robinson setup, and let G be the associated Robinson amalgam. Set T = T§(G) for short, and 
let T* C Ts(G), and £* C C be the full subcategories with object set Ob(P c ) n Ob(P*). By 
abuse of notation let <f: T* —> £ denote the restriction of the functor in Proposition ^ . i\ Then, 
there is a functor 

<F: r* —>• £ # , 


that is the identity on objects and an epimorphism on morphism sets, and such that (f factors 
as the composite 


r # 


£* 


incl 


£ 


pr°j 


£. 


Proof. Let {(S'*, p, £,;)}j > 0 be an approximation of Q by p-local finite groups associated to an 
appropriate choice of an unstable Adams operation ('if, T) of degree Q on Q, as in Proposition 
12.91 For each i > 0, let £-^ i C £; and £* C £* be the subcategories defined in Lemma [2.101 
For each P G V and each i > 0, set Pi = P D S t . Throughout this proof we will denote the 
maximal torus of a discrete p-toral group P[ by X#, and if H — S the maximal torus will be 
denoted by T. 

We start with a few observations. 

(al) We may assume P* = P, for each I’ e V: By IGon31 Proposition 2.8 (i)], for each 
P G V there is some Mp G N such that P* — P for all i > Mp. Since the set V is finite, 
our assumption can be satisfied with an appropriate choice of the Adams operation 
generating the approximation. 

(a2) Pj G Ob(£j): By (al), P* G V, and V is contained in the object set of the category £ 
defined in (JTj). Thus, by definition of £,; the subgroup Pi is an object of 

(a3) Since S, t is the subgroup of fixed points by the automorphism 'if, it follows that T* = TPlS) 
is the subgroup of T consisting of all elements of exponent dividing p npt , where p n is 
the highest power of p dividing £ — 1. More generally, for each H < S, the intersection 
Th D Si is the subgroup of Th of all elements of exponent dividing p npl . 

As a consequence of (al), (a2), and the definition of £*, we may assume that 

(10) V = {P 0 = S,P U ..., P k } C Ob(£*) 

for all i. Finally, for each P G V, denote L(P) = Lp = Aut c(P) an d N(P) = Np, as in the 
Robinson setup in the statement. Thus, 

G = L(P 0 ) *n(p 1 ) L(P\) *n(p 2 ) ■ ■ ■ *N(p k ) L(P k ). 


Step 1 . (Approximation of the group G) For each PgP and each i > 0, set Lj(P) = Aut£?(P) 
and Ni(P) = N(P ) n L^P). Thus 

L(P) = U Li(P) and N(P) = U^T). 

i >0 i>0 


Gi = Li(Po) *Vi(Pi) Li(P 1 ) *Ni(p 2 ) ■ ■ ■ *Ni(p k ) Li(P k ). 


For i > 0, define 
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Notice that we do not require Ng.(P) G Syl p (Lj(P)) for any P G V or i > 0, and thus we do not 
require either that Sj G Syl p (Gj). However, there are distinguished inclusion homomorphisms 

St —> L t (P 0 ) —► Gj, 

and we identify S'* with its image in Gj. 

The relationship among the groups Gj and G is best described by thinking about them as 
colimits. Let T = T p, and let (T, G) be the Robinson tree associated to the family V (Definition 
12. 4p an. For each i > 0 one has analogous trees of groups (T. Gj), where Gj associates Li(Pj) 
with up., Ni(Pj) with ep 3 and the respective inclusions with the morphisms in T. Then 

G = Gp = colim G. and Gj = colim Gj. 

T T 

There are obvious inclusion natural transformations Gj —y Gj+i for each i > 0, and hence for 
each i on has group homomorphisms 

ojiGi —y Gjpi, and (jji Gj —y G. 

By naturality of the colimit construction for each i > 1, (7 l+ \ o uji = cr,. By commutation of 
colimits it also follows at once that G = colim,; Gj. Notice also that 

hocolim \BGA ~ PGj, and hocolim IPG I ~ BG, 

T T 

as in Lemma [2.11 

Step 2. (The categories T*) For each i, let T* be the category with object set Ob(7”*) = 
Ob(£*), and with morphism sets 

Mo t v (H, K ) = a^{N G (Hi, K t ) D N G (H, K)} 

for all H,K G Ob(7”*). Composition of morphisms is given by multiplication in G,. To 
check that composition is well defined and associative, let H,K,N G Ob(7”*), and let g G 
Mor^* (H, K) and h G Motj-»(K,N). By definition, ai(g) G NciH^Ki) r\Nc(H,K) and 
N G (Ki, Ni) fl N g (K, N). Thus 

<T i (h-g)eN G (H i ,N i )nN G (H,N), 

since a,; is a homomorphism. Associativity follows from associativity of multiplication in G,. 
Step 3. (Functors 7~* —>■ T‘ +l ) Let H,K G Ob(7”*). We claim that for all i < j, 

N G (Hi, Ki) n N g (H, K) C N G {Hj, Kj) n N G (H, k ). 

Note that H — H t ■ T H and K = K, ■ T K , where T h and T k are the corresponding maximal tori. 
Since H. L < Hj and H* = PI (and similarly for K ,, Kj ), it follows that 

Hj = Hi ■ (T h fl Sj) and Kj = K { ■ (T K n Sj). 

Let g G N G (Hi, Ki) fl N G (H, K). By definition, g ■ Hi ■ g~ 1 < Ki and g ■ H ■ g~ x < K. Thus, in 
particular, g-Tn-g _1 < Tk- As a consequence of property (a3), one has g(TnGSj)g~ l < TkP\S 3 . 
Hence 

g-H r g- 1 ^g-H i - (T H n Sj) ■ g~ x < K t • (T K n Sj) = K 3 , 
and so g G Kj) D N G (H, K). 
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Define functors a;*: 7* —* for all i > 1. For each H G Ob(7”*) and each g G Mor(7”*), 

set uJi(H) = H and D,(g) = uy(g). Note that if H* = H then //* +1 = H, so og is well defined 
on objects. To check that it is well defined on morphisms, we have to show that 

Ui(g) G Mor v+1 (H, K ) ^ a^{N G {H i+1 , K i+1 ) n N G (H, K)}. 

By Step 2, <j,(g) G N G (Hi, Ki ) fl N G (H, K ), and the claim follows from the previous paragraph 
together with the relation a l+ \ o oj i = <j, shown in Step 1. 

Step 4. (Functors 7* —>• £*) By Lemma 12.101 (i) and (ii), there are homotopy equivalences 
\C*\ ~ C Ut — |£,|. The same argument as in the proof of Proposition 12.71 gives maps 

BGi ~ hocolim I BGA —>■ |£*|0, 

rp 1 1 1 1 ' P 

such that the triangles 


BSi 



commute, for each i. In particular, the map ( l>, induces a functor 

■C&M = 7(0,) -*—► £«(«,), 

as in (j3J) of Section 11.21 

The space £,;((( is the classifying space of a p-local finite group by [ Gon3l Remark 2.4], and 
it follows that 

c?(5i) = c Hl = c;. 

Let 7' H . C 7gf(Gi) be the subcategory with object set H and with morphism sets 

Mor THi {H n Si, k n Si) = <7~ 1 {n g (h n Si, k n S',) n n g (h, k)}, 

Then there is a 1-1 correspondence between the objects of 7* and those of Pjy, under which 
the corresponding morphism sets coincide, so 7* = Tu, . By abuse of notation, let denote 
the composite 

77 = 7 C ^ £«(*) =* Cn, C". 

By construction, the functor is the identity on objects. Furthermore, the following square is 
commutative for each i 


( 11 ) 


7* 

> 7 


a 


incl 


/ 7”'« 

7 z+l 1 


In addition, we claim that for any P G V, there is an inclusion map Aut£*(P) mcl > Aut-p^P), 
such that the composition 

( 12 ) Aut £ . (P) -^4 Autp. (P) —Aut c- (P) 

is an automorphism. To see this, fix some P G P. By definition, L,(P) < L(P) < N G (P), and 
L,(P) = Autn*(P). Thus the isomorphism C* = of Lemma 12.101 (i) implies, in particular, 
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that the elements of Aut£?(P) restrict to automorphisms in Aut£ H (P fl Si). It follows that 
Li(P) < N G (Pi ), and thus that 

Li(P)<N G (Pi)nN G (P). 

By definition Aut-^P) = a~ 1 (N G (P i ) fl N G (P)), and a^L r (P) is the identity. Hence we obtain 
the inclusion 

Aut £ .(P) AutT-.(P), 

The claim that d*, o incl is an automorphism follows at once. 

Step 5. (The Functor $: T* —> £*) Since G = colim, Gi , the following properties hold for each 
H, K G Ob(T*) and each g G N G (H, K ). 

(a) There exists some M g such that af l {g) ^ 0 for all i > M g . 

(b) Let Uj )m : Gi —$■ G rn denote the natural map. If g' G cp 1 (g) and g" G vj l (g) (for some 
i,j > M g ), then there exists some M > i, j such that, for all m > M, 

= Vj,m(g") e g )■ 

Dehne $: T* -> C * as the identity on objects. On morphisms, $(p) = (incl o $j)(p') for 

some i > M g and some g' G a~ 1 (g). Properties (a) and (b) above, together with Diagram 
(HIT) , imply that $ is well-defined. Furthermore, since V contains representatives of all the T- 
conjugacy classes in £*, it follows by Statement (a) in Step 4 that $ is surjective on morphism 
sets. Finally, the factorisation 

(j) = proj o incl o $ 

follows by construction. □ 

We end this section with one more observation. For a p-local compact group Q = (5, P, £), 
define the centre of Q, Z(Q), as 

Z(G) ^ (mi Z T , 

0(T C ) 

where Zp : 0(T C )° V —> Ab is the functor that sends each P to its centre. 

Proposition 2.12. Let Q = (S,P,C) be a p-local compact group, let (P; {(Lp, Np)} Pe -p) be a 
Robinson setup, and let G be the associated Robinson amalgam. Then Z(G) = Z{Q). 

Proof. Write G = ((Ls */Vi Lf) *n 2 ...) *N k Lfc, let Go = Ls, and for j = 1,..., k let G 3 < G 
be the amalgam over the first j + 1 factors. Similarly, let for j = 0,..., k, let C 3 C C and 
Oi C 0(P C ) be the full subcategories with object sets {S = P 0 , P\ T , ■ ■ ■, Pj^}- For each j > 0 
dehne Z 3 c = \)iii(Zt). We will show inductively that Z{Gf) = Z 3 . For j=0 this is clear. 

Oj 

By construction Z 3 < Z(Gj ), so it remain to prove the opposite inclusion. For j > 1 write 

( ’.i = G i -1 *Nj L 3 , 

and let z G Z{Gf). There are two possibilities: either z G Gj-± or z ^ Gj-\. We deal with each 
of them separately. 

(1) If z G Gj- 1 , then z G Z 3 -\ < Z(S) by induction hypothesis, and Z(S) < N 3 since P 3 is 
P-centric. Notice also that z commutes with every element of L 3 by assumption. 
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(2) If z (f Gj- 1 , apply Robinson’s lemma [Rj Lemma 1] with X = A = Gj- 1 , B = Lj and 

C = Nj. Write z = a 0 &iai... 6 s a s 6oo, where a 0 G Gj_i, G Lj, and for 1 < i < s, 

di G Gj_i \ Nj, and bj G Lj \ Nj. The claim of Robinson’s lemma is that 

<(?£.!, G^ 1 ,..., G a j°_ b r a3 ) < Nj, 

which implies that Gj_i = Nj, and so Gj = Lj. Thus z G Z{Lj) < Z(S ), since S is centric 

in Lj. Notice that in this case, Gj > Lj for all i < j, so z G Z(Lf) for all i < j. 

In either case z commutes with Lj for all i < j, and since the elements of these subgroups 
generate all morphisms in Oj, it follows that z G Zj, as claimed. □ 

3. Automorphisms of p-local compact groups Robinson Amalgams 

Throughout this section let Q = (S, T, C) be a fixed p-local compact group. Fix a Robin¬ 
son setup (V] {(Lp, Np)}p e -p), and let G denote the corresponding Robinson amalgam. The 
following automorphism groups will appear throughout this section: 

• Aut( (£) < Auttyp(L), the subgroup of inclusion preserving isotypical self equivalences 
of C (Definition II. lip , and 

• Aut(G, S) < Aut(G), the subgroup of automorphisms of G that restrict to an automor¬ 
phism of S. 

We aim to construct a group homomorphism 

Ll : Aut(G, S) —> Auttyp(G). 

The following two lemmas are preliminary. 

Lemma 3.1. Let H be a discrete group which admits a Sylow p-subgroup (See Definition \l. t d\ ) 
S < H. Then there is a an exact sequence 

1 -- Z(H) -- N h (S) -- Aut(if, S) -- Out(iJ)-- 1 

Proof. Let a be any automorphism of H. Since S' is a Sylow subgroup of H, it is unique up to 
conjugacy. Hence there is some h G H such that h ■ a(S ) • h~ l = Ch ° cc(S) = S. This proves 
exactness at Out (H). Exactness at Aut (H,S) follows from the observation that the image of 
Nh(S) in Aut (H, S ) is exactly Aut (H, S) fl Inn(lL). The rest is immediate. □ 

Lemma 3.2. Let H be a discrete group which admits a Sylow p-subgroup S < H, and let 
a G Aut (if, S) be an automorphism. Then a induces an automorphism on Ts(H), also denoted 
by a. In particular, the restriction a|s preserves H-fusion among subgroups of S. Furthermore, 
if T — J-s(H), then the object sets Ob(J rcr ), Ob(J rc ) and Ob(J r *) are preserved by a. 

Proof. Fix an element a G Aut (if, S), let P, Q < S be subgroups, and let h G N H (P,Q ) be 
any element. Then a(h) G Nh{&(P),(x(Q)), and the first claim follows at once. In particular, 
a o Ch o or 1 = c a (h), so a|g preserves H -fusion among subgroups of S, as claimed. Finally, 
if J 7 = Ps(H), then for any P,Q < S, Homjr(P, Q) = Horn h(P,Q)- The last statement 
follows. □ 
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Proposition 3.3. Let Q = (S', T,C) be a p-local compact group, let (P; {(L P , N P )} Pe -p) be a 
Robinson setup, and let G be the associated Robinson amalgam. There is a group homomorphism 
Q\ Aut(Cr, S) —* Aut( yp (£) such that the following square 


(13) 


BG 


Ba 

BG — 

r 


BG 

|n(a)|A 

BQ 


commutes up to homotopy, for each a G Aut(G, S), where /i: BG —$■ BG denotes the map 
constructed in Proposition\2.7. 


Proof. Let T = Tg{G), and let a G Aut(G,S) be any element. By Lemma [3721 a induces an 
isotypical self equivalence of T* C T, which we also denote by a. 

Let <E>: T* —> £* be the functor in Proposition 12.111 Let P G Ob(£*) = Ob(T*), and let 

K(P) = f Ker(<L P : Aut r -(P) -A Aut £ .(P)). 

By construction, and since both Aut 7 -«(P) and Aut^(P) surject onto Autj-(P), it follows that 
there is a short exact sequence, 

1 —> K(P) —> C G (P) —>• Z(P) -A 1. 

Since a preserves S, a(P) < S, and so the restrictions of a to C G (P) and Z(P) define 
isomorphisms to C G (a(P)) and Z(a(P)) respectively. Thus the restriction of a to K(P) maps 
it to K(a(P)) and the diagram 

1 -- K(P) -~ C G (P) -- Z{P) -- 1 

a a 

1-- K(a(P)) -- C G (a(P)) -- Z(a(P)) -- 1 

Commutes. Furthermore, for each P, Q G Ob(£*), a induces a bijection 

a PtQ : N G (P,Q)^N G (a(P),a(Q)). 

Thus a induces a bijection 

«p, q : Mor £ .(P,Q) = N G (P,Q)/K(P) -A N G (a{P),a{Q))/K(a(P )) = Mor c -(a(P),a(Q)). 

Since a(K(P)) = K(a(P)) for all P G £*, and since the restriction of a to S preserves S- 
transporter sets, a induces an iso typical self equivalence a * of £*. By Proposition 11.131 there 
is a unique extension of a* to an isotypical self equivalence f2(a) of £, which in particular 
preserves 7 ~s(S), and hence is an inclusion preserving self equivalence. 

The construction of a* (and thus also of f2(a)) is clearly compatible with compositions of 
automorphisms in Aut(G, S ), which shows that 

Q: Aut(G, S) -)• Aut t 7 yp (£) 


is a group homomorphism. 
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To finish the proof it suffices to show that the diagram 


BG 


IT* 


Ba 


M 


BG 


IT* 


1*1 


1*1 


|£*| 




|£*| 


commutes up to homotopy, where fi is the map constructed in Corollary 12. 8 1 But the left square 
commutes by naturally of the construction of jl (see Proposition 12.71 and Corollary [278]) , and 
the right square strictly commutes by construction. □ 


Proposition 3.4. The homomorphism fi induces a homomorphism ui: Out(G) —>■ Out typ (£). 


Proof. By Lemma fl. 121( c). Out typ (£) = Aut 7 yp (£)/Autos'). If g G N G (S ) is any element, and 
c g G Aut(G, S ) is the corresponding inner automorphism, then by definition fi(c 9 ) G Aut( yp (£) 
is the equivalence induced by conjugation by [g] G N G (S)/K(S) = Autos'). Hence fi induces 
the homomorphism u as claimed. □ 


Next, we show that if V is a complete fusion controlling family, then every inclusion pre¬ 
serving iso typical self equivalence of £ gives rise to an automorphism of G = G-p. While this 
construction does not produce a homomorphism Aut 7 yp (£) —> Aut(G), it does induce a right 
inverse for oj. 

Lemma 3.5. Let Q = (S', P, £) be a p-local compact group, and let V = {S = Po,..., P/, : } 
be a complete fusion controlling family for P. Then, for each T G Aut.( yp (£), the collection 
\&(P) = { V L(P 0 ), • • • 5 'h(-Pfc)} a complete fusion controlling family. Furthermore, there is a 
group homomorphism v: Out typ (£) —> T*k, defined by the relation 

Pv(*m G y{Pi) N rW 1 <i<k. 

Proof. Any two complete fusion controlling families for P must have the same (finite) car¬ 
dinality. Since T is fusion preserving, it carries P-centric, P-radical subgroups to P-centric, 
P-radical subgroups. Hence it is enough to show that if P, Q G V, and T(P) is AG(S')-conjugate 
to T(Q), then P is IV^S^-conjugate to Q. Let /: T(P) —> \b(<5) be an isomorphism in Njr(S). 
Since T is P-fusion preserving, it is also Ap(S')-fusion preserving, and hence the same applies 
to \l/ _1 . This o/of: P —>■ Q is an isomorphism in Njr(S), so P is -/V^S'j-conjugate to Q, 
contradicting completeness of V. 

It follows that for each 1 < i < k, 'L(Pj) is Aj-(S')-conjugate to a unique Pj G P, for some 
j > 1. In other words, T permutes the set of indices {1,2,..., P} associated to the Njr(S)- 
conjugacy classes of the members of P, and thus defines an element of E fc . This correspondence 
is clearly multiplicative, and hence defines a homomorphism 

v ' ; Aut t 7 yp (£) S fc . 

If T is induced by conjugation by an element of Aut^S 1 ), then it clearly acts trivially on Njr(S) 
conjugacy classes of subgroups of S. Hence v' induces a homomorphism 

v. Out typ (£) ^ Tik 


as claimed. 


□ 
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Lemma 3.6. Let V = {P 0 = S, P\,..., P k } be a complete fusion controlling family for P , 
and let Cp C £* be the full subcategory with object set V. If T. V I ;/ G Aut{ (£) are such that 






= T' 


C-p i 


then T = T'. 


Proof. Since Aut( yp (£) is a group, it suffices to show that if T G Aut( yp (£) restricts to the 
identity transformation on £-p, then it is the identity on £. 

Fix an automorphism T G Aut( yp (£) such that T \ Cv is the identity functor. Since P 0 = S, T 
restricted to Aut£ P (S') = Aut^S 1 ) is the identity homomorphism. In particular \H|s = I 5 , and 
hence T(P) = P for each P G £. Let P < S be any P-centric, P-radical subgroup, and let 
Pi G V be the unique representative of the Ap (S)- con jugacy class of P. Let [</?]: Pi —> P be an 
isomorphism in Np(S). By definition of the normaliser fusion system, there is an automorphism 
[<p\ G Autj-(S') such that [<p\\p l = p. Let <p G Iso,c(Pi,P) and Lp G Aut^S 1 ) be arbitrary lifts of 
(p and dp respectively. Let ip and tp. denote the inclusions in £ of P and Pj in S. Then there 
exist some z G Z(Pi) such that 

ip o ip = tp o ip. o 'z. 

Applying T, which respects inclusions in £, and which restricts to the identity on Aut J c(S'), we 
obtain 

ip o T(y?) = tpoip i o'z = i P oip. 

Since ip is a monomorphism = ip. Since both [tp] and its lift ip were chose arbitrarily, this 
shows that T restricts to the identity on the set Iso£(Pj, P). Furthermore, any <p G Iso£(Pj, P) 
induces an isomorphism 

<V Aut£(Pj) Aut £ (P) 

by taking an automorphism 7 of Pj to ip o y o . Since T restricts to the identity map on 
Aut£(Pj), it follows that its restriction to Aut£(P) is the identity map. Hence T restricts to 
the identity map on all automorphism groups of P-centric, P-radical subgroups P < S. As an 
immediate consequence of Alperin’s fusion theorem ( BLQ31 Theorem 3.6], it now follows that 
T is the identity functor on £. □ 


Proposition 3.7. Let Q = (S'jP,^ be a p-local compact group, let (V; {(L P , N P )} Pe p) be a 
Robinson setup, where V is a complete fusion controlling family for P, and let G be be the 
corresponding Robinson amalgam. There is a group homomorphism 


7: Out typ (£) - > Out(G) 


such that w o 7 
Proposition \ 3.4 


= Id on Out typ (£), where cu: Out(G) —> Out typ (£) is the homomorphism in 
In particular, u>: Out(G) —> Out typ (£) is surjective. 


Proof. Let V = {Po = S, Pi,..., P*,}, and for each i = 1 ,...,k write Li = Aut£(Pj) and 
Ni = Aut£(P,; < S ) for short. Fix T G Aut[ yp (£), and let a G denote u(T), where v is 

the homomorphism defined in Lemma [3751 For each 0 < i < k, set P[ = P Q p), L\ l = L a ^ and 
N[ = N a (i ). Let G 0 = G ' 0 = L 0 , and for i = 0,..., k — 1 let 

G i+1 = Gi *Ar i+1 L i+ 1 and G' l+1 = G\ *w ' +1 L' i+ 1 • 

Notice that G = Gk = G' k . 
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Step 1. (Definition of 7 ) Let d/ 0 = d/. Since dpj is an isotypical equivalence, it restricts to 
an automorphism of L 0 and of S <j Lq. Assume by induction that we have defined, for each 
0 < i < j < k, an isotypical equivalence dq G Aut( yp (£), such that for each 0 < i < j, 

(a) dq = c Xi o for some aq G Lq, such that dq_i(Pi) = aq^P/aq, 

(b) u([dq]) = a, where [dq] G Out typ (£) denote the class of dq modulo the conjugation action 
of L 0 , and 

(c) dq(L 0 ) = Lq, and its restriction to L, and A r t renders the following diagram commutative: 


N,. 


incl 

incl 

T,; 

Ti 

incl A 

T / incl r 


u 


Since V is complete, and since u(d , J _ 1 ) = a, there exists some Xj G L 0 , such that 

= X J 1P j X 3- 

Dehne dq = c Xj o dq_i. Conditions a) and b) above are satisfied automatically. Also dq 
is clearly an isotypical equivalence of C, and hence it restricts to an automorphism of Lq, of 
S < L 0 . Since d 'j(Pj) = Pj, its restriction to Lj maps it isomorphically to L', and since d q 
respects inclusions, its restriction to N } maps is isomorphically to ATj, so that the corresponding 
diagram in Condition c) commutes. 

We have now obtained isotypical equivalences dq G Aut( (£) for i — 0... k, each of which 
satisfying the corresponding set of conditions of the form (a), (b) and (c) above. Notice that 
d'o can be regarded as an isomorphism d / o: Go —> G' 0 , and the diagram in Condition (c) shows 
that d/j induces an isomorphism d 7 : Gi —y G[ for each i. Thus in particular d/^ induces an 
automorphism of Gk = G' k = G. Notice that d/ fc = c x o d>, where x = x k • x k -\ • • -xi G L 0 is 
the product of the elements chosen in our inductive construction of the dq. Hence dC and d/ 
represent the same class in Out typ (£). Define 7 (['L]) to be the class of dT in Out(G). Then 7 
is clearly a well defined function, since by construction is sends conjugation by an element of 
Lq to an inner automorphism of G. 


Step 2 . (Invariance under permutations) We claim that 7 is invariant under any permutation 
of the subgroups Pj, i = 1... k. Let o G be an arbitrary permutation. Clearly writing V as 
{Pq = S, P c r (l), • • •, -Po-(fc)} does not change any of its properties. Performing the construction 
of 7 as in Step 1 with respect to this permuted ordering, one obtains d/' fc = c y o d/, where 
y = yk- ■ ■yi , for appropriate elements yj G Lq. Consequently dC constructed in Step 1 and d'j, 
differ by conjugation by an element of Lq, and hence dT and d/j, represent the same class in 
Out(G), proving our claim. 

Step 3 . (7 is a right inverse for ui) Let T G Aut( (£) represent a class [d/] G Out typ (£). Let 

x G L 0 , $(. = 70 $ and dT G Aut(G) be as in the definition of 7. By construction of d/ fe , the 
following holds for each i — 0, ..., k. 

(1) T fc (P i ) = T fc (Pj) = (c x oT)(P,). 

(2) Lj < A r G (Pj) = Aut 7 -.(Pj), and for each G Lj we have dc((p) = d >ki}P) = ( c x o d r )(<^). 
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In other words, if C-p C C denotes the full subcategory with object set V, then 

where hi: Aut(G, S) —> Aut( yp (£) is the group homomorphism in Proposition 13.31 

Since V is complete, it follows by Lemma [3.61 that T*. = O(. Since 'b*. = c x o T, we have 
(cu o 7 )(['h]) = [d/fc] = [\b]. In particular it follows that u ; is an epimorphism. 


Step 4 . (7 is a homomorphism) Let G Aut( yp (£) represent the classes [d>], [d/'j G 

Out typ (£) respectively, and set $ = T' o T. Thus [$] = [d/'j ■ [T], We show now that 

7 ([$])= 7 ([^])- 7 ([^), 


thus proving that 7 is a homomorphism. 

Perform the construction of T* and \b', 0 < i < k, as described in Step 1, with respect to 
the original ordering on V. Let a = uQT]) G E*,, and for each 0 < i < k let T'f denote the 
i-th step in the construction in Step 1 with respect to T' and the ordering 011 V defined by 
the permutation a. Let j3 = u(['h / ]) G E fc , and let a — /3 ■ a — v ([$]). We claim that for each 
0 < i < k, the automorphisms can be constructed, with respect to the original ordering on 
V, to satisfy the identity d/'“ o dy = 

For i = 0 the claim is obvious. Thus assume by induction that for all i < j < k we 
have constructed dy such that T'f o 47 = 4y. We construct dy and show that it satisfies 
the corresponding identity. By construction Tj = c Xj o d/ y _ x , where Xj G L 0 is such that 
•Hj-i(Pj) = (j)Xj. Similarly T'" = c Vj o 'L , "_ 1 , for some yj G L 0 such that T)) = 

yj x Paa{ 3 )y 3 = yj l Pa {j) yj. Hence 


Vi/'" 

J 


O *3 = 


'Vo 


° 


O C x . O d/ 7 _i = C. 


Vi 


° C ^7_!(xd 0 Vj- 1 0 Vj- 1 




Notice that 


(»'*i-iW) •■ p »u) ^ -Vj - p -w -vr Wife) = 

'f'svfe-r 1 - = f'i-.iv 1 • ■ x,) = o 


Let Zj = yj ■ 'b'"_ 1 (xj) G L 0 . Then, by Step 1, 4y = c Zj o d> y _! satisfies the required properties, 
as well as the identity 




fa 


O *i = 


c *,- 0 $7-1 = $ 


.r 


Since this identity has now been shown to hold for all 1 < 7 < k, it follows that o = 4>fc. 
Hence the induced homomorphisms on G satisfy T'j* o^j. = 4>fc. By Step 2, represents the 
class 7([T / ]) G Out(G). Hence our claim follows. □ 


Propositions 13.41 and 13.71 complete the proof of the main statement of Theorem lAl As a 
corollary of the proof, we obtain Part (i) of Theorem lAl 


Corollary 3.8. With the hypotheses of Proposition [W/j for each \b G Aut^ p (£) there exist a 
group homomorphism T' G Aut(G, S) and, an isotypical equivalence 0(4/') G Aut[ (£) such 
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that f2('t / ) is naturally isomorphic to T and such that the following square commutes up to 
homotopy 



BG-^BQ 

*' |n(*')l£ 

BG - BG 




Proof. This follows at once 

Corollary 3.9. There is a 

1 -^Z(G) 

from Step 3 in the proof of Proposition |3.7| 

commutative diagram of exact sequences 

-- N a (S) -- Aut(G, S) -- Out(G) 

1 

□ 

1 - -Z(G) 

- Ant C (S) -- Aut( yp (£) 

-*■ Outtyp(£) 

1 



Proof. Commutativity follows by construction of the maps involved. The isomorphism in the 
first square follows from Corollary 12.121 □ 

We end with a description of the kernel of u: Out(G) —> Out typ (£), as stated in Part (ii) of 
Theorem [A] 

Proposition 3.10. Let Aut(G, I 5 ) < Aut(G) denote the subgroup of all automorphisms which 
restrict to the identity on S, and let Out(G, I5) denote the quotient by the subgroup of inner 
automorphisms of G induced by conjugation by elements of Cq{S). Then there is a short exact 
sequence 

1 —> Ker(cu) —> Out(G, I5) — > lym 1 Z / Z 0 —> 1. 

In particular if p is an odd prime then Ker(u;) = Out(G, I5). 

Proof. Let (p be an automorphism of G which restricts to an automorphism of S. Then <p|s is 
clearly fusion preserving. Hence we obtain a map u: Aut(G, S ) —> Autf us (S'), and a commuta¬ 
tive diagram with exact rows an columns: 

C a (S)/Z(G)> - *N g (SVZ(G) — Auy(5) 

Aut(G, l s ) >-- Aut(G, S) —Aut fus (5') 

Out(G, 1 s )> -- Out(G)-^ Out fus (5) 

By construction of ca, the map uj factors as the composite 

Out(G) —> Out ty p(£) —> Outf US (5'). 


Hence the statement follows from ] BLQ3l Proposition 7.2] and the snake lemma. The conclusion 
for odd primes follows from [LLj . □ 
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4. A PARTICULAR CASE AND SOME EXAMPLES 

Some Robinson amalgams, especially those where a small number of groups is involved, are 
exceptionally well behaved, namely the centric transporter category associated to the amalgam 
turns out to be isomorphic to the centric linking system associated to the fusion system realised 
by it. We recall the concept of a Libman-Seeliger setup (V\ {(L P , N P )} PeP ) for the Robinson 
amalgam, i.e., a setup where the groups N P are of the form Aut c(S,P) for each P e V. We 
restate Proposition [B] as 

Proposition 4.1. Let Q = (S, J~,C) be a p-local compact group, let (V; {(L P , N P )} PeP ) be 
a Libman-Seeliger setup, where V is a complete fusion controlling family for T , and let G 
be be the corresponding Robinson amalgam. Suppose in addition that T§(G) = C. Then the 
homomorphisms 

Q: Aut(G, S') —> Aut[ yp (£) and ui: Out(G) —> Out typ (£), 

of Propositions HO and \3J\ respectively, are isomorphisms. 

Proving the proposition requires some preparation. Fix a p-local compact group Q and a 
Robinson setup with a fusion controlling family V (not necessarily complete), and let G be the 
associated Robinson amalgam. Let T* be the transporter category associated to G with object 
set 

Ob(T*) = Ob(£*). 

For every P,Q G Ob(T*), the following holds. 

(a) Ns(P,Q) is naturally a subset in Mmy. (P, Q). 

(b) If P < Q, then the identity element of G is by definition an element in Mor^. (P, Q), which 
we denote by l P) q. 

We define Aut( yp (T*) to be the group of self equivalences <3> of T* such that $(Ns(P,Q)) C 
Ns($(P),$(Q)) for all P,Q e Ob(T*), and such that = £$(p),$(q) whenever P < Q. 

Finally, we denote by Out t y P (T*) the group of equivalence classes in Aut.( yp (T*) under natural 
isomorphism. 

Lemma 4.2. There are group homomorphisms 

fl a : Aut(G, S) ->■ Aut t 7 yp (T*) and Vl b : Aut( yp (T*) Aut t 7 yp (£) 

such that the homomorphism O: Aut(G, S) —> Aut typ (£) in Proposition ^. 31 factors as Q b oQ a . 
Furthermore, fl a is a group monomorphism. 

Proof. The homomorphisms Ll a and fl b are already described in the proof of Proposition 13.31 
and the details of the factorisation of O are left to the reader. To check that f2 a is injective, set 
as usual V = {P 0 = S,..., P^}, and G = L 0 * Nl Li * N2 ... * Nk L k . Then we have 

Li < Autp. (Pf) i — 0,..., k, 

and injectivity follows since L 0 U ... U L k is a set of generators of G. □ 

Lemma 4.3. Two elements in Aut[ yp (P*) are naturally isomorphic if and only if they differ 
by conjugation by an element of Aut P -(S) = Ng(S). 
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Proof. This is immediate (compare this to the proof of [AOV . Lemma 1.14]). □ 

Lemma 4.4. The group homomorphisms fl a and fib in Lemma \f.%\ induce group homomor- 
phisms co a : Out(G) —>■ Out typ (T*) and u Out typ (T*) —* Out typ (£) that factorize the group 
homomorphism uj in Proposition \3.f\ Furthermore, oj a is a group monomorphism. 

Proof. The proof of the first part of the statement is essentially identical to the proof of Propo¬ 
sition EH The injectivity of u> a follows from Lemmas 14.21 and 14.31 if [<f>\ G Out(G) is such that 
oj a [4>] = 1, then we have fl a (4>) = c g , for some g G N G (S). The injectivity of fl a implies that 
0 = c g , and thus [0] = 1. □ 

Proof of Proposition \f.l\ Suppose that Tg{G) = £. Then in particular T* = £*, where T* C 
Tg(G) is the full subcategory with object set Ob(T*) = Ob(£*). It follows in this case that both 
fib and Ub are group isomorphisms, and hence c a is both injective (by Lemma 14.41) and surjective 
(by Proposition 13.711 . The isomorphism Aut(G, S) = Aut[ yp (£) follows from the commutative 
diagram of Corollary 13.91 □ 

We end this section some examples of p-local finite groups to which Proposition 14.11 applies. 
To this purpose, we first present a slight generalisation of a result of Librnan [L], 

Proposition 4.5. Let Q = (S, J-, £) be a p-local compact group with Z(S) = Z/p ; and let 
V = {P 0 = S, Pi,..., Pk} be a complete fusion controlling family. Let G be the Robinson 
amalgam associated with a Libman-Seeliger setup for V. Suppose that the following holds for 
each P eV. 

(i) N P = N Lp (Z(S)). 

(ii) N S (P ) is nonabelian and N P = N Lp (N s (P))■ 

(Hi) P has index p in N S (P). 

(iv) L P induces a transitive action on P/<b(P), where < h(P) is the Frattini subgroup of P. 
Then, N g (P) = Aut C (P) for all P G T c . 

Proof. Note that Ng(P) <! Np for all P G V, since Np < Aut/; (S), and S < Aut/;(5). Also, 
since P is fully normalised for all P G V, the subgroup Ng(P) is a Sylow p-subgroup of both 
Np and Lp. Furthermore, since P G V is centric, it must contain Z(S). The statement follows 
from [L, Proposition 8.4 (c) and Proposition 8.11], with minor modifications. □ 

In particular under the hypotheses of Proposition 14.51 one has the required equivalence £ = 
Tg(G) in Proposition 14.11 The following is a non-exhaustive list of p-local compact groups 
satisfying the conditions of Proposition Proposition 14.51 

Corollary 4.6. The following p-local compact groups satisfy the conditions of \4-5\ 

(i) The 2-local finite groups associated to the groups PGL 2 (q), where q is some power of an 
odd prime (such that the 2-Sylow subgroups are dihedral of order at least 160 

(ii) The 2-local compact groups associated to the compact Lie groups SO(3) and SU{2). 

(Hi) The exotic 3-local finite groups of [DRV]. 

(iv) The exotic 7-local finite groups of m- 
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Proof. The 2-local finite group associated to PGL 2 (q) is (isomorphic to) the 2-local finite group 
associated to PSL 2 (q ) x Z/2, where Z/2 is the factor of Out (PSL 2 (q)) generated by the “diago¬ 
nal” automorphism (see [BLOll Lemma 7.7] for further detail). Regarding the 2-local compact 
groups associated to SO(3) and SU(2), the reader is referred to [Gon2l Examples 3.7 and 3.8] 
for full detail. In the remaining two cases details can be found in the given references. □ 
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